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Abstract. In the first part of this paper, given a smooth family of Dirac-type operators on 
an odd-dimensional closed manifold, we construct an abelian gerbe-with-connection whose 
curvature is the three-form component of the Atiyah-Singer families index theorem. In the 
second part of the paper, given a smooth family of Dirac-type operators whose index lies 
in the subspace Kj (B) of the reduced K-theory of the parametrizing space, we construct a 
set of Deligne cohomology classes of degree i whose curvatures are the i-form component 
of the Atiyah-Singer families index theorem. 

1. Introduction 

To a family of <9-type operators on a Hermitian vector bundle over a Riemann sur- 
face, Quillen associated the so-called determinant line bundle |[24| , a line bundle on the 
parametrizing space with a natural connection. He also computed the curvature of the con- 
nection. Quillen's construction was extended by Bismut and Freed to the setting of a family 
of Dirac-type operators on an even-dimensional closed manifold [^j, Chapter 9.7], 0. The 
curvature of the connection is the two-form component of the Atiyah-Singer families index 
theorem. A remarkable feature of the determinant line bundle is that it is well-defined and 
smooth even though the kernels and cokernels of the operators may not form vector bundles 
on the parametrizing space, due to jumps in their dimensions. 

In the first part of this paper we perform an analogous construction for a family of Dirac- 
type operators on an odd-dimensional manifold. The determinant line bundle is replaced 
by an abelian gerbe-with-connection. The "curvature" of the connection is the degree-3 
component of the local families index theorem, a 3-form on the parametrizing space B. 

In the second part of the paper we give a partial extension to the case of degree i > 3. 
Recall that the equivalence classes of line bundles with connection on B are classified by 
the 2-dimensional Deligne cohomology of B [[U], Theorem 2.2.11]. Similarly, the equiva- 
lence classes of C*-gerbes-with-connection on B are classified by the 3-dimensional Deligne 
cohomology of B [|T0| , Theorem 5.3.11]. Hence for i > 3, in order to realize the degree-i 



component of the local families index theorem as the "curvature" of something, it is natural 
to look for an i-dimensional Deligne cohomology class. 

There is an apparent integrality obstruction to doing so, as when i > 3 the degree-z 
component of the Chern character of the index class generally does not lie in the image of 
the map H\B; Z) — > H 2 (i?; Q). Hence we make an integrality assumption. Recall that there 
is a filtration K*(B) = K* (B) D K{(B) D ... of the K-theory of B, where K*(B) consists 
of the elements x of K*(B) with the property that for any finite simplicial complex Y of 
dimension less than i and any continuous map / : Y — > B, f*x = [JT], Section 2]. There is a 
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similar filtration of the reduced K-tfieory K (B). Taking i to have the parity of the dimension 
of the manifold on which the Dirac operator acts, it turns out that we want to assume that 
the image of the index of the family, under the map K*(B) — > K (B), lies in Kj (£?). Under 
this assumption, we construct a countable set of explicit degree- i Deligne cohomology classes 
on B which only depend on the geometrical input and whose "curvatures" are the degree-i 
component of the local families index theorem. (Note that if % > and dim(B) > 
then the degree-i Deligne cohomology of B is infinite-dimensional.) Roughly speaking, the 
different Deligne cohomology classes in the set correspond to different trivializations of the 
index bundle on the (i — 2)-skeleton of a triangulation of B. Such trivializations are labeled 
hy®J =l W- l -^{B-Z). 

As a special case, if B is (i — 2)-connected then the image of the index of the family 

■ — * 

automatically lies in K^B), and we construct a unique Deligne cohomology class. 

In the rest of this introduction, we give an explicit statement of the gerbe result. We 
defer the statement of the Deligne cohomology results to Section [| (see Theorem |2|). 

Information about gerbes is in the book of Brylinski |TI| and the paper of Breen- Messing 
||. We will use a concrete approach to abelian gerbes described by Hitchin fl^| . Given a 
manifold B with a covering {U a } a( zi by open subsets, one obtains a C*-gerbe from 

1. A line bundle L a/3 on each nonempty intersection U a fl Up, 

2. An isomorphism L a p = and 

3. A nowhere- zero section 6 af3l of L a p®Lp 1 ®L ia on each nonempty intersection U a r\UpP\U 1 
such that 

4. 9p 7 s 9~L 6 a ps 9~n = 1 on each nonempty intersection U a H Up fl U 1 fl Us- 

Given another choice (L' a/3 , 0' a/3l ), if there are line bundles {L a } ae j on the U a 's such that 

and 8' a/3ry is related to 9 a p 7 in the obvious way, then (L' a/3 , 6' af3l ) 
is isomorphic to (L a/3 ,9 a/ 3 7 ). Taking a direct limit over open coverings, one obtains the 
isomorphism classes of gerbes on B. They are classified by H 3 (5; Z). 

A unitary connection on the gerbe (L a p, 9^) is given by the additional data of 

1. A unitary connection V Qj a on each L a p and 

2. A real 2-form F a G Vt 2 {U a ) on each U a 
such that 

i- = V^, 

2. 9 af3l is covariantly-constant with respect to V ' a p ® V/3 7 ® V 7Q , and 

3. On each nonempty intersection U a f)Up, we have Fp — F a = ci(V a p), the first Chern 
form of the connection V a p- 

Suppose that L' a/3 = L~ l ® L a p ® Lp has connection (V^, -F^) . If there are unitary 
connections V a on L a such that 
1- V^s = V- 1 ® V a p ® Vp and 
2. F' a = F a + Cl (V a ) 

then (V^, F^) and (V a p, F a ) are equivalent . 

The curvature of the connection, a globally-defined 3-form on B, is given on U a by dF a . 

Now let 7r : M — > B be a smooth fiber bundle with closed odd- dimensional fiber Z. Let 
TZ = Kei(d7i) denote the vertical tangent bundle, a tangent bundle on M. We assume 
that TZ has a spin structure. Let SZ be the corresponding spinor bundle. Let g TZ be a 
vertical Riemannian metric. Let V be a complex vector bundle on M with Hermitian metric 
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h v and compatible Hermitian connection V v . Put E = SZ ® V. There is an ensuing 
family D = {(-DoWbefi of Dirac-type operators, with (D )b acting on C°° {^Zb\ E\ Z ^J- 

Let T H M be a horizontal distribution on M. We now describe a gerbe on B. We first 
choose an open covering {U a } a ei of B with the property that there are functions {h a } ae i 
in C7?°(1R) so that D a = D + h a (D ) is everywhere invertible on U a . It is easy to see 
that such {U a }a£i and {h a } a( zj exist. If U a fl Up ^ 0, then the eigenvalues of the operators 
— over U a fl Up are 0, 2 and —2. Let £L + be orthogonal projection onto the 
eigenspace with eigenvalue 2 and let E + _ be orthogonal projection onto the eigenspace with 

eigenvalue —2. (The notation for E |_ is meant to indicate that on Im(£L + ), Dp is positive 

and D a is negative.) Then the images of E h and E + _ are finite-dimensional vector bundles 

on U a HUp. Put 



J aP 



A max (lm{E_ + )) ® (A moa: (Im( J B + _)) _1 . (1.1) 



If [/ a fl C/g fl C/ 7 7^ then there is a canonical nowhere- zero section 6 a/ g 7 of L a p ®Lp^® L lol 
(see (3.53)). 

The line bundle L a p inherits a unitary connection V a p from the projected connections on 

Im(i?_ + ) and lm(E^ ). We take F a to be the 2-form component of a slight generalization 

of the Bismut-Cheeger eta-form (see || Definition 4.93] and ( |3.19| ) below). Usually in index 
theory the eta-form is most naturally considered to be defined up to exact forms, but we 
will need the explicit 2-form component. 

Theorem 1. The data (L a p, 9 a p 7 , V a p, F a ) define a gerbe- with- connection on B whose cur- 
vature is 

(j A(R TZ /2m) A ch(F y /2vrz)y } G n 3 (B). (1.2) 

A different choice of {U a } ae i and {h a } aeI gives an equivalent gerbe-with- connection. 

Let us give a brief historical discussion of the relation between gerbes and index the- 
ory. This goes back to the index interpretation of gauge anomalies. Recall that from the 
Lagrangian viewpoint, the nonabelian gauge anomaly arises from the possible topologi- 
cal nontriviality of the determinant line bundle on the space of connections modulo gauge 
transformations 0. From the Hamiltonian viewpoint, this same anomaly becomes a 3- 
dimensional cohomology class on the space of connections modulo gauge transformations, 



namely the one that comes from the families index theorem. In |T7|], Faddeev constructs a 
2-cocycle on the gauge group which transgresses this 3-dimensional cohomology class. He 
interprets the cocycle as an obstruction to satisfying Gauss' law. In [^3], p. 200] Pressley 
and Segal note that projective Hilbert bundles on B are classified by H 3 (i?;Z), and they 
use this to view the gauge anomaly as an obstruction to the gauge-invariant construction 
of fermionic Fock spaces. Gerbes (without connection) were brought into the picture by 
Carey- Mickelsson-Murray |TTJ, Carey-Murray |12j and Ekstrand-Mickelsson |[L6|| . 

Richard Melrose informs me that he and collaborators are working on related questions 
from a different viewpoint. I thank Richard, Ulrich Bunke, Dan Freed, Paolo Piazza, 
Stephan Stolz and Peter Teichner for discussions. I thank MSRI for its hospitality while 
this research was performed. 
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2. Conventions 

As for conventions, if V is a vector bundle on B with connection and curvature 
F v = (V v ) 2 then we write ch(F v ) = Tr (e~ FV> \ G Q even (B). With this convention, 

ch(F v / 2iii) = Tr (^e~ pl / 27 ™j is a closed form whose de Rham cohomology class lies in the 

image of H*(£;Q) ->H*(B;R). We write ci(V y ) = - ^Tr(F v ) G Vl 2 (B). 

If V is a Z 2 -graded vector bundle on B with a connection V y that preserves the Z 2 - 
grading, and with curvature F v = (V^) 2 , then we write ch(F v ) = Tr s pl ~\ G Vt even (B). 

Again, ch(F v /2iii) = Tr s (^e~ pV / 2m ^ is a closed form whose de Rham cohomology class 
lies in the image of H*(£; Q) -> H*(£; R). We write Ci(V y ) = - ^-Tr s (F v ) G tt 2 (B). 

If g TB is a Riemannian metric on B with curvature 2-form i? TS then we define A(R TB ) G 
f2 4 *(.B) similarly, so that A(R TB /2iri) is a de Rham representative of the usual /1-class in 
rational cohomology. 

Let 7r : M — > S be a smooth fiber bundle as in the introduction, with fiber Z. Let 
T G f2 2 (M; TZ) denote the curvature of the horizontal distribution, a TZ- valued horizontal 
2-form on M. Let c(T) denote Clifford multiplication by T. 

Let tt*E be the infinite-dimensional vector bundle on B whose fiber over b G B is 
C°° E\ z ^j . If dim(Z) is odd then tc*E is ungraded, while if dim(Z) is even then n*E is 

Z2-graded. Using g TZ and h v , one obtains an L 2 -inner product /i 71 "*^ on n*E. Let V""* 5 be 
the canonical Hermitian connection on tt^E j|, Proposition 9.13], || (4.21)]. 



3. The Index Gerbe 

3.1. Eta-forms and their variations. We now suppose that Z is odd-dimensional. Fol- 
lowing §5], let a be a new formal odd variable such that a 2 = 1. 

Let .D be the perturbation of D by a smooth family of fiberwise smoothing operators 
P = {Pb}beB- That is, D b = (D ) b + P b . Given s > 0, the corresponding Bismut 
superconnection [§, Section III], £|, Chapter 10.3] on tt^E 1 is 

A s = saD + V 7 ^ + — (tc(T). (3.1) 

If D = Do then we write the superconnection as Aq jS . Define Tr^ on (C © Cer) © 
C°°(.B;End(7r*£)) by 

Tr a (a + a (3) = Tr(/3) G C°°(B), (3.2) 

provided that a and /3 are fiberwise trace-class operators. Then there is an extension of 
Tr CT to an Q* (^-valued trace on (Q*(B) © (C © Or)) C°°(£; End(7r*£)) which is 

left-f2*(S) linear, again provided that the vertical operators are trace-class. For any s > 0, 

Tr CT (e - A * J G Q odd (B) represents the Chern character of the index lnd(D) G K x (i?) of the 
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family of vertical operators, up to normalizing constants. For later use, we note that 

4! = a 2 D 2 - sa[V,D] + (v 2 + j(£>c(T) + c(T) D) j (3.3) 

The meaning of Tr CT ^e _A ^ is that the component in Vt 2k+l (B) is derived by means of a 

Duhamel expansion around e~ s2 1)2 @, Appendix to Chapter 9] , and hence comes from a 
finite number of terms in the Duhamel expansion. 

If D = D then lim^oTr,, (e~ A lA exists and §, (4.97)] 

limTr CT (e- A t) = ^(2«)-^ | A (R TZ ) A ch . (3.4) 



(The constants in this expression will most easily be seen as arising from ( p.26| ) ) . For general 



D, we do not know that Tr CT A °^j has a limit as s — > 0. However, let LIM S ^ denote 
the principal value as in |4], Section 9.6]. Then by expanding in a Duhamel series around 
Tr CT (e~ A °' s ^j, one finds that LIM^oT^ (e~ A *^j exists. 

Proposition 1. For all D, 

LIM^ Tr CT (V^) = ^^i)-^^ j A(R TZ ) A ch (F v ) . (3.5) 

Proof. In general, if {A s (e)} ee [o i i] is a smooth 1-parameter family of superconnections then 
formally, 

^( e -^).-^({,, (£) ,^)}e-^) ,3,) 

\ de 

Let {-D(e)} ee [o,i] be a smooth 1-parameter family of operators D as above. Then (3.6) is 
easily justified, and gives 

|^.(«-^)=-^.(.^ e -^). (3,) 



Hence 



LIM_ ^Tr CT (e- ^) = - <2 LIM_ Tr CT ( S a ^ e" A ^ 2 ) . (3.8) 
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The Duhamel expansion of sff^e- il(e)2 is 

£(-1)' f ... I' scr^e- tos2D ' 2 (A s (e) 2 - s 2 D 2 ) e~ h s2 ° 2 (A s (e) 2 — s 2 D 2 ) . . . 
1=0 Jo Jo de (3.9) 

(A s (e) 2 - s 2 D 2 )e- tls2D2 5(t + ...+*,- l)dt ...dt l . 

If we consider the component of (3.9) of degree 2k with respect to B then only a finite 
number of terms in the expansion (3.9) will enter. From (3.3), 

A 2 - S 2 D 2 = s- 2 f(sa) (3.10) 

for a polynomial / with appropriate coefficients. As ^P- is smoothing, we can compute 

LIM a _Kj Tr a (s a e" As(e)2 J by looking at the terms of (3.9) which contribute to Q 2k (B) 

and expanding the exponentials e~ tjs2L)2 in s 2 . In so doing, the resulting expression is a 
Laurent series of the form sa s~ 2L Yl^Lo c r ( sa ) r f° r some L > 0. Then after applying Tr^, 
the result is s 1_2L ^ re „ en c r s r . Hence 

UM s ^TrJsa^e- A ^ 2 ) = (3.11) 



de 

and so from (3TH), 

LIM_ ^Tr ff (e-^^ 2 ) = 0. (3.12) 

In our case, we can commute LIM S ^ an d ^- Taking 

D{e) = D + e{D - D ), (3.13) 

we obtain 

LIM s ^o Tr CT (V = LIM S ^ Tr CT A °> s j = lim Tr CT (e~ A l^ (3.14) 

, dim(Z) + 1 / , mry\ / Tr\ 

= V^(2iri)- V + / A(i? TZ ) A ch(F y ). 

Jz 

□ 

The next result is the same as [plj Proposition 14]. We give the proof for completeness. 
Proposition 2. If {Z)(e)} e6 [o,i] is a smooth 1 -parameter family of operators as above then 

^(^e-^)-^(^e-^)= (3.15) 

d /^rj^e-^^^e-^)^ 2 ') du. 
Jo V <9e 9s / 

Proof. Formally, 
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d 



Tr 



ds a \ ds 



Then 



dAJe) 



d 2 A.Je) 



ds de 



ds 



de 



(3.17) 



du. 



de \ os J os \ os J 



(3.18) 



dAJe 



ds 
dA s (e 



de 



Tr. <^ AJe 



Tr n 



dAJe 



de 



Tr. <^ A Je 



Tr n 



dA a (t 



de 



Tr, { AJe 



d / Tr. 



dA. 



de 
dA 



dA., 



e -d-«)^(O a j rfM 

Ml g-(l-n)A s(e)2 ^) e - U A s (e)^ rfn 



9e 



9s 



uA ^ 2 j^(e),^H e-d-)^)" | d M 



de 



ds 



(l-u)A s (e? du 



uA ^ 2 {^(e),?^] e -Ci-«)^W s 



du 



dA s (e) 4 ^2 dA 



de 



uA a (ef V^s\e) ^ (1 _ M) As(e) 2 ^ 

<9s 



e ) c -uA s (e)2 9A s( e ) c - (1-u) A s (e) 2 ] rfM 

<9s 



«4(e) : 



<9e 9s 
It is easy to justify these formal manipulations. 



□ 



Let {U a } a& i be a covering of B by open sets. For each a G J, suppose that .D a is a family 
of operators {(-Da)b}bec/ a as before, defined over We assume that for each b G {7 a , (D a )j, 
is invertible. Given {(AOfcl&et/c.) the obstruction to finding such a family D a is the index 
of D \ in K 1 (t/ a ) pi], Proposition 11. For example, if U a is contractible then there is no 
obstruction. 

From the method of proof of j|, Theorem 10.32], Tr. (^ dA ?' s e~ A °' s ^j has an asymptotic 
expansion as s — > of the form Y2T=o CLj,s k . Then by the method of proof of Proposition [I], the 
degree-2A; component of Tr. e~ A ^ will have an asymptotic expansion as s — > of the 
form s~ 2L Y2T=o^k s k . Hence from ||, Lemma 9.34], it makes sense to define rj a G Q even (U a ) 
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by 



T] a = LIM^q / Tr CT 



dA s 
ds 



ds: 



(3.19) 



compare [H, Definition 2.4]. As 

d m / 

it follows that 



-4? 



dTi r 



dA 



ds 



s -A 2 

e s 



(3.20) 



dim(Z) + 1 

V7T (27T«) 2 



/ A{R TZ ) A ch(F y ) 



(3.21) 



Let A s (e) be a smooth 1-parameter family of superconnections. As in Proposition |2], when 
the terms make sense, we have 



de 



- LIM s _> Tr CT 



dA 8 (e) 
de 



M4' 



+ 



(3.22) 



rfLIM^o 



OO fl 



t JO 



TV, 



de 



ds 



(l-u) M e) 2 duds 



Proposition 3. Let {D a (e)} ee [o.i] be a smooth 1-parameter family ofD a 's as before. Then 

^ = duu t ^ r (\ a (^ e -uMer^M e -a-u )M eA duds 

de J t J \ de ds J 

Proof. This follows from ( |3.11| ), Proposition and (3.22). □ 



Proposition || is closely related to |2T|, Corollary 4] . 

To give normalizations that are compatible with rational cohomology, let TZ be the opera- 
tor on Q*(B) which acts on Q 2k (B) as multiplication by (2ni)~ k and which acts on Q 2k+1 (B) 
as multiplication by (2ni)~ k . Put 

ch(A s ) = 7i- 1/2 nTr a (e- A ^ (3.24) 

and 

rf = n- 1/2 111]. (3.25) 

Then ( |3.21| ) becomes 

drj a = LIM s _+ ch(A s ) = f A(R TZ /2m) A ch (F v /2m) . (3.26) 
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3.2. The 1-form case. The degree-0 component rfc e Q°(U a ) of rf a , i.e. 



1/2 LIM^ J Tr CT (a D a e~ s * ds (3.27) 
^LIM^o ^Tr^e"^) ds, 



is half of the Atiyah-Singer-Patodi eta-invariant of D a ||. If C/ a H C/g 7^ then it is 
well-known that fjp n[/ ^ — Va^\ u nU/3 is an integer- valued function on U a fl Up. Hence if 

f a :U a ^ S l is defined by f a = e 2 ^ then if U a n Up ± 0, / tt |^ n ^ = U\ VanUfi . Thus 
the functions {/«} a e/ piece together to give a function / : B — > S* 1 such that /L = / a . 



From (ggg ), 

^-d\nf = (^J A(R TZ /2m) A ch (F v /2m) Y e ^(B). (3.28) 

In particular, if [S 1 ] G H^jZ) is the fundamental class of S 1 then /-ftf 1 ] £ K\B;Z) is 
represented in real cohomology by the closed form on the right-hand-side of Q3.28Q . 



3.3. The index gerbe. Let rfa^ € Q 2 (U a ) denote the degree-2 component of r\ a . 

Proposition 4. If {D a (e)} ee [o t ij is a smooth l-parameter family of mutually- commuting 
invertible operators as before then rj a {t) £ Q 2 (U a ) is independent of e. 

Proof. From Proposition || it is enough to show the vanishing of the component of 

LIM t _o jT £ Tr, e' uMe)2 ^M e ~(^)M^ duds (3.29) 

in ^(B). This is the degree-1 component of 

LIM^o r f Tr CT (3 a ^ e~ " ^ Dl ~ s ° [V ' DJ) a D a e" ^ ^ D «~ s ° ^> D A du ds. 

Jt Jo \ de ) ^ 3 30 ^ 

Using the fact that ^f- commutes with D a , the degree-1 component of 



Tr(7 a ^ e" u ^ ° l ~ s a [V ' D " ]) a D a e~ ^ ^ D «~ sa ^' D ^ (3.31) 
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IS 



Tr a a ^ u s a [V, D Q ] e~ us ' 2D 'a D a e" ^ s " D " + 
Tr CT (s a ^ u s a [V, D a ] e~ s " D * a D a + 

S(T ^ e -s 2 Dl a]Ja (1_ U ) S(T [ V)J D Q ] 

Tr CT (- sa^usae~ s2Dl a D a [V,D a ] 
\ de 

sa dDo Le - s ^Dl aDa (i_ M ) S(T [ V)J Dj 
(1 - 2u)s^v(^e- 32D *D a [V,D a ] 



(3.32) 



As J Q (1 — 2u)du = 0, the proposition follows. □ 



3.4. Finite-dimensional case. Let V be a finite-dimensional Hermitian vector bundle 
with a connection V over B. Let -D G End(K) be an invertible self-adjoint operator. As in 
H Section 2(b)], put A s = s a D + V and 

rj = J™ Tr CT e~ A ^ ds G ^ euen (P). (3.33) 



Put p ± = From 0, Theorem 2.43], 77 is closed and, up to normalizing constants, 

represents the Chern character of [Im(P + ) - Im(P_)] G K (P) in H e,,en (P; C). We wish to 
say precisely what rf 2 ^ G Q 2 (B) is. 

Proposition 5. 

?) {2) = - ^ Tr ((P+ V P+) 2 - (P_ V P_) 2 ) G fi 2 (P). (3.34) 
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Proof. Let {V(e)} ee ro 31 be a smooth 1-parameter family of Hermitian connections on V. As 
in (3.22), we have 

m = -Vn-aJMMe-"*) + (3.35) 
de s^o \ de J 

" [\rJ^^e- uA ^ 2 ^^e-^ A ^ 2 ) duds 
o Jo \ de ds J 

s^o \ de J 
d j~ jf 1 Tr„ e~ »' 4 -« 2 a D e~ <>-»> du ds 



= c i^jr 1 Tr CT (^ e -«^W 2 ( T J De-( 1 -")^ du ds. 
The 1-form component of Tr CT e" uAs( - e)2 a D e~ {1 ~ u) As(e)2 ) is 



(3.36) 



Then 

de Jo Jo \ de J 2 \ de 1^1 ^3.37) 

Using Proposition ^ (in the finite-dimensional setting) and the spectral theorem, we can 
deform D to P + — P_ without changing rj^ 2 \ Hence we assume that D = P + — P_. Let 
us write V = Vi + V2, where Vi commutes with D and V2 anticommutes with D. Put 
V(e) = Vi + eV 2 . Then 

Trf^^l = Tr(V 2 P) = 0. (3.38) 



Hence from ( |3.37|) , it suffices to compute rj^ when V = Vi. In this case 



V 



r t ^ ( ff d e 32 ° 2 ~ v? ) ds = t~ Tr (w\ e ~ v? ) ' (3,39) 

from which the proposition follows. □ 

3.5. Infinite-dimensional case. 

Proposition 6. For e G [0, 1], put 

A s (e) = soD a + S7** E + ^c(T). (3.40) 

4s 
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Define the corresponding rj a (e) G f2 ei,en (i?) as in (\3.19 ). Then given D , dria d ^ G f2 2 (-B) 
independent of the particular choice of D a . 

Proof. We have = f crc(T). From (3.22), 



de 



- LIM^o 1 Tr (c(T) e" s2 D * ) . (3.41) 

At this point we do not have to assume that D a is invertible. Furthermore, the question is 
local on B, so we may assume that B = U a . 

If D a = Do then from standard heat equation asymptotics |TH , Theorem 1.5], 

oo 

Tr (c{T) e~ s2 D t) ~ s ~dim(z) ^ rfcS 2fc 



fc=0 



for some 2-form-valued coefficients {?~A;}S£Lo- Then 

^ Q 2) (e) 



de 4 



— T dim(Z) + 1 . (3.43) 



2 



In particular, this may be nonzero. 

For general D a , a Duhamel expansion around e~ s D ° as in the proof of Proposition [I] 
shows that 

LTM S _ i Tr (c(T) e"^ D «) = LIM S ^ ^ Tr (c(T) e"* 2 D o) , (3.44) 
from which the proposition follows. □ 

We now make the assumption that if U a D Up 7^ then D a commutes with Dp. We wish 
to compute rji 2 ' — rf£' G Vt 2 {U a fl Up). 

Define E ± and E + - as in the introduction. As Dp — D a is smoothing, and E^ 

are finite-rank operators. 

Proposition 7. 

~ V ( a ] = - v^Tr ((£?_+ V £_+) 2 - (£+_ V £+_) 2 ) . (3.45) 

Proof. From Proposition we may assume that the superconnection on U a is s o D a + V, 
and similarly on Up. For e G [0, 1], put 

V(e) = V - e[(l - E+- - £_+) V£+_ + (1 - £+_ - £_ + )V^ + + 

(3.46) 

£+_ v (1 - £+_ - £_+) + v£_+ + 

E_ + V (1 - £+_ - £_+) + E_ + V£ + 4 

Then 

V(l) = (1 - £+- - £_+) V (1 - E+. - £_+) + £+_ V £+_ + £_+ V 

(3.47) 
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Note that dV d ^ is smoothing. From (3.22), 

dUe) LIM^o Tr CT ( ^ e" ) + (3.48) 



-CO /"l 



and similarly for — • Using the method of proof of Proposition [l], one finds 



LIM^o Tr a ( e~ A ^ ) = 0. (3.49) 



Then as in ( 13.371) , 



Tr ( Z) a e" s2 D " ) ds. (3.50) 



c?e ,/ Jo \ de 

Thus 

«e) (2) - VM 2) ) _ . r^fdVie 



de L V rfe 



Tr ( [Z^e"' 3 ^ - Z^e"^ 2 ) ] ds 



(3.51) 



v^ dTr ^V(6) fi^ D 



2 V Vl^| |D 



Q 



= -f^(^(2^-2^.))=0, 

where the last line comes from the off-diagonal nature of . Hence we may assume 
that the superconnection on U a is s a D a + V(l) and that the superconnection on Up is 
so Dp + V(l). 

Due to the diagonal form ( |3.47| ) of V(l), r\p — rj a is the sum of contributions from 

Im(J — J5_| — E (_) and Im(£?_|__ + E-+). From the method of proof of Proposition ^, 

the contribution from Im(J — E + - — £L+) vanishes. Then rjp — rj a is the difference of the 

two eta-forms of the finite-dimensional vector bundle lm(E_ + ) © lm(E^ ), equipped with 

the connection E_ + V E_ + © E + _ V where the eta-form is computed first with Dp 
and then with D a . The proposition now follows from Proposition ||. □ 



Define L a p as in (1.1), with its connection V ' a p induced from the connections E [_ V E_ + 

and E-i V E + _. Let F a p denote its curvature, an imaginary-valued 2-form on U a fl Up. 

Proposition [7| says that on U a fl Up, 

rf - rjg) = - |f . (3.52) 

Suppose that U a fl Up fl Z7 7 7^ 0. Given a, 6, c G {+1, —1} let H abc be the subbundle of 
n*E on which acts as multiplication by a, p=^j acts as multiplication by b and acts 
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L a 


a max { TT 

= A (#-+- 


h ) <g> A maa '(#-+- 


) <g> (A max (K 




^ A max {H + __ 


h ) ® A max (F__ 4 


.) <g> {A max {K 




= A (.-"++- 


.) <g> A max {H + __ 


) <g> (A max {H. 



as multiplication by c. Then 

® (A moa, (iT + __))- 1 , 

(3.53) 

® ( A maa: (#_+_)) ~\ 
<8) (A maa: (if__ 

There is an obvious nowhere-zero section a/ g 7 of L aj g ® Lg 7 ® L 7Q , on C/ a D £/g n £/ 7 . 

In general, let be a Hermitian vector bundle with Hermitian connection V E and let E\ 
and be subbundles of E such that there is an orthogonal direct sum E = E\ © E 2 . 
We do not assume that V E is diagonal with respect to E\ and E 2 . Let V^ 1 and V B2 be 
the induced connections on E\ and E 2 , respectively. We have corresponding connections 
v a— v a™»(Bi) and V A™-(s 2 ) ) on A m ^(E), A ma:r (E 1 ) and A ma:c (£ 2 ), respectively. Then 
with respect to the isomorphism A max (E) = A max (Ei) (g> A max (E 2 ), one can check that 
V AmM(£) = V Amaa;(i;i) <g> V Ama3:(B2) . Recalling the definition of from ([LI]), it follows 
that the section a/ g 7 is covariantly-constant with respect to V a p ® V/3 7 ® V 7a . 

Finally, if U a C\ Up C\ U 7 C\ U$ ^ then the cocycle condition 6^$ 9~^ s 9 a ps 9~p = 1 is 
obviously satisfied. 

In summary, we have shown that {D a } a£ j determine a gerbe on B with connection. From 
( p.26| ), its curvature is 

(J A(R TZ /2m) A ch (F v /2iti)\ ] G Vl 3 (B). (3.54) 

To recall, the conditions that we imposed on {D a } aeI were 

1. D a is invertible. 

2. D a — _D is a smoothing operator. 

3. If U a n C/g 7^ then £> a and commute. 

In order to construct a gerbe- with-connection that only depends on D , \/ 7T * E and T, as in 
the introduction we assume that D a = D Q + h a (D ) for some h a e C£°(R). From spectral 
theory and the continuity of the spectral projections of (A))& with respect to b 6 B, it is 
easy to see that such {U a } a€ j and {h a } ae j exist. Given {t/ a } Q6 /, suppose that we make 
another choice {h' a } ae j. Put D' a = D + h' a (D Q ). Note that D' a commutes with D 



a ■ 



Let L' aj3 denote the new line bundle with connection on U a C\Up. Let ff a denote the new 
eta-form. 

Define a line bundle L aa >, with connection, on U a as in ( |1.1|) , replacing the pair (D a , Dp) 
by the pair (D a ,D' a ). Let F aa > denote the corresponding curvature. Then it follows that 

L' ap = (-Zw)" 1 <g> L aP <g> Lpp> (3.55) 

as a line bundle with connection. Furthermore, from Proposition |^, 

m m - V a 2) = - (3.56) 

Z711 

Thus if we choose {h' a } ae i instead of {h a } ae i, we obtain an equivalent connection. 

Finally, if {U a } a& i and {U' a ,} a i E p are two open coverings then by taking a common re- 
finement, we see that we obtain isomorphic gerbes and connections. This proves Theorem 
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It follows that ( 13.54 ), as a rational cohomology class, lies in the image of H 3 (5;Z) 
H 3 (£>; Q). Of course, one can see this directly. 



Proposition 8. flff. 54) , as a rational cohomology class, lies in the image of H (B; Z) — ► 
R 3 (B;Q). 

Proof. From the universal coefficient theorem, it is enough to show that the result of pairing 
the rational cohomology class (|3.54D with an integer homology class y G Hs(.B;Z) is an 
integer. As the map s : flf°(B) — > H 3 (I?; Z) from oriented bordism to integer homology is 
surjective, we may assume that there is a closed oriented 3-manifold X and a smooth map 
<p : X — > B such that y = 0*([Jf]), where [X] G H 3 (X;Z) is the fundamental class of 
X. Then we can compute the pairing of ( |3.54|) with y by pulling back ( [3.54 ) under <p to X 
and computing its pairing with [X]. Let 7r' : M' — > X denote the fiber bundle obtained by 
pulling back the fiber bundle ir : M — > B under <fi : X — > B. Let Z' denote the fiber of 
7r' : M' — > X and let V denote the pullback of V to M'. Then by naturality, it is enough 
to show that 

f (J A(R TZ '/2m) A <b(F v '/2my) (3.57) 

is an integer. 

As TZ has a spin structure, TZ' has a spin structure. As X is an oriented 3-manifold, it 
has a spin structure. Then TM' = TZ' © (ir')*TX has a spin structure. Furthermore 

A(R™'/2ni) = A(R TZ '/2m) U (n'yA(R TX /2m) = a(r tz '/2ixi). 

V 7 V 7 V ' (3.58) 

Hence 

f (f A[R TZ '/2 m ) Ach(F y 72«)] = / A(R TM, /2iri) Ach(^'/2 m ). 

The right-hand-side of (p.59|) is an integer by the Atiyah-Singer index theorem. □ 

4. Deligne Cocycles 

We now assume that Z, the fiber of the fiber bundle 7r : M —>■ B, is even- dimensional. 
We let D denote the ensuing family D = {D b } b£B of Dirac-type operators, with D b acting 

on C°° [z b \ ^IzjJ • (We previously called this D .) 

Given s > 0, the corresponding Bismut superconnection |5|, Section III], H, Chapter 10.3] 
on 7i *E is 

A s = sD + W* E + ^c(T). (4.1) 

4s 

For any s > 0, the supertrace Tr s (^e~ G f2 ei,en (I?) represents the Chern character of the 

index Ind(D) G K (B) of the family of vertical operators, up to normalizing constants. 
We have 0, Theorem 10.23], § 



hmTr s (e- A o, s ) = (2m)-^ f A(R TZ ) A ch (F v ) . 



(4.2) 
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4.1. The case of vector bundle kernel. We now make the assumption that Ker(D) 
has constant rank, i.e. is a Z 2 -graded vector bundle on B. We give Ker(D) the projected 
connection J \/ Ker ( D ) from V 7r *" B . It preserves the Z2-grading on Kei(D). Let F Ker i D ) denote 
the curvature of \/ Ker ( D )_ 

As in Definition 4.33] and 0, p. 273], define rj G Q odd {B) by 



V = I Tr 9 [^-e- A ') ds. (4.3) 



Then from |], Theorem 4.35] and [|I3| , Theorem 0.1], 



drj = (2iri) 



dim(Z) 



[ A(R TZ ) A ch(F v ) - ch(F Ker ^). (4.4) 
Jz 

To give normalizations that are compatible with rational cohomology, let 1Z be the opera- 
tor on Q*(B) which acts on Q 2k (B) as multiplication by (2ni)~ h and which acts on Q 2k+1 (B) 
as multiplication by (2ni)^ h . Put 

V = (4-5) 



Then ( [4.4] ) becomes 

drj = [ A(R TZ /2m) A ch (F v /2m) - ch (F Ker ^/2ni) . (4.6) 
Jz 

We now make the assumption that for each b G B, the index of vanishes in Z. Equiv- 
alently, the vector bundles Ker(D) + and Ker(D)_ have the same rank. For simplicity of 
notation, we will abbreviate 'SJ Ker \ D )± by V ± , and write its curvature as F ± . 

Let {U a } a€ i be a covering of B by open sets such that over U a , there is an isometric 
isomorphism W a : Ker(.D)_J — > Ker(.D)_| . For example, if each U a is contractible then 
such WaS exist. 

Define the Chern-Simons form CS a G (U a ) by 



> 2 



1 /"I (tV+ + (1 - t) VKq, 1 oV~oW ct 

CS a = - — I Tr (V+ - W" 1 o V" o W a ) e kj ~ dt. 



By construction, 

dCS a = ch (F+/27ri) - ch (W~ l o F~ o W a /2m) = ch {F Ker{D) /2m) . 
Then from (14.61 



(4.7) 



(4.8) 



d {rf + CS a ) = I A (R TZ /2mi) A ch (F v /2m) . (4.9) 
Jz 

on C/q,. Thus we wish to attach the odd form rf + CS Q to U a . 

If U a fl Up ^ then we wish to write (77 + CS/3) — (77 + CS a ) = CS/3 — CS a as an exact 
form on U a fl Up. Then we wish to repeat the process if U a fl Up fl Z7 7 ^ 0, etc. In order to 
streamline things, we use a construction which is similar to the "descent equations" in the 



study of anomalies H 26 



For simplicity, we assume for the moment that U a = B. We write T = Isom(Ker(D) + , Kev(D). 
It is acted upon freely and transitively by the groups of gauge transformations Isom(Ker(£)) + ) 
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and Isom(Ker(.D)_). We let W denote a "coordinate" on X and we let 5 denote the differ- 
ential on X, so that W~ l 5W denotes the canonical left-Isom(Ker(D)_)-invariant 1-form on 
X, with values in End(Ker(D) + ). 

Consider the vector bundle X x B x Ker(D) + on X x B. It has two canonical connections, 
5 + V+ and W- 1 o (5 + V~) o W = 5 + W~ l 5W + W~ l o V" o W. Consider the 
corresponding Chern-Simons form CS e Q odd (T x B) given by 



> 2 



1 /"l (t(<5 + V+) + (1 - t) W _1 o(i + VJoIf) 

CS = ; / Tr (S + V+ - W^ 1 o (5 + V~) o W) e~ sa (ft 

^ /*1 (« + iV+ + (1 - t) SW + If^'oV^oH')) 2 

/ , . r, I ' ' ' ' ' \ ^ _ 



— / Tr (V + - W- 1 6W - W" 1 o\/- oW) 
2m J 



By construction, 

(5 + d)CS = ch(F + /2m) - ch (W- 1 o F~ o W/2m) = ch {F Ker{D) /2m) . 

(4.11) 

Let us work out CS in low degrees. To do so, we use the fact that 
(5 + tV + + (1 - t) (W 1 5W + W- 1 o V" o W) 2 = (4.12) 

tF + + (i - t)w~ l of- ow — t(i — t) (v+ - w _1 <w - ly-^v^ow^) 2 . 



4.1.1. H 2 . The 1-form component of CS is 

CS {1) = - Tr (V + - W~ l 5W - W' 1 oW) . (4.13) 
2m 

Then (|4.11|) becomes 

d( - — Tr(V + - r^V-olf)) = ci(V + ) - cxfV - ), 

V 2« y (414) 

-dT^W^tfW) + 5Tr(V + - W^ 1 o V" o W) = 0, 

5Tr{W~ x 5W) = 0. 

Given {U a } ae i and {W Q }a, e / as before, suppose that U a (1 Up ^ 0. Let 2 a p be the 
space X defined above when the base is U a fl Up. Suppose that there is a smooth path 
a a p : [0, 1] — > 2 a p from W a \ v nU ^ to W 7 /?)^ nU • For example, if U a HUp is contractible then 

there is such a path, as the unitary group is connected. We put <Jp a (t) = a a p(l — t). It 
makes sense to write 



f alp TriW- 1 5W) = f Tr ( a^t)' 1 <^M) dt 6 fi°(f/ Q n 
7 [o,i] ^ [o,i] V at y 



(4.15) 
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and from (4.14), 

d {hS m a ^ {w ' 15w) ) = (4 - i6) 

- ^Tr (V+ - Wp 1 o V- o Wp) + ^- Tr (V+ - W' 1 o V~ o W a ) = 

CS^ - CS^. (4.17) 

If C/q, n Up n C/ 7 7^ 0, let X Q/ 3 7 be the space X defined as above when the base is C/ a fl 
UpDUj. Let /jL a p-y '■ — > 1ap~f be a smooth concatenation of cr Q/ g, cr^ and a^ a . Then 
is 1 ^a/?7 Tr(W^ _1 5W 7 ) is a continuous integer-valued function on U a r\UpC\ U 7 . 
We can summarize the discussion so far by saying that 

C = (V } + CS« / ^Tr^" 1 ^), -L / //^Tr^- 1 ^)) 

V 2 ™ i[o,i] 2m J si J (4.i 8 ) 

forms a 2-cocycle for the Cech-cohomology of the complex of sheaves 

Z — > Q° — > Q 1 (4.19) 

on B, where £l p denotes the sheaf of real- valued p-forms. 

Now suppose that {W^} a€ j is another choice of isometries, with each W' a connected to 
W a in X a . Let a a >p> be a path from W^\ v nU ^ to W'^ n . We obtain a corresponding 
cocycle 

C = (V^ + CSf), -L / ^Tr^" 1 ^), -L / ^Tr^- 1 ^)) . 

V 2tt2 J m 2m J s i /(4.20) 

In order to compare C and C, for each a G I choose a path o" aQ / : [0, 1] — > X a from W a to 
W 7 ^. If U a fl C/g 7^ then define fi a 'p'p a '■ S 1 — > X aj g in the obvious way. Then 

(77 + CS^ 1 ') - (77 + CS«) = *(^J <C MW- 1 SW)) , (4.21) 

- / ^ IV^" 1 5W)-±-( a* a p MW- 1 SW) = 

1™ J[0,1] 2m J [0,1] 

- [ ay TriW- 1 SW) - / O Tr^ 1 <W) 

m y ro,ii y[o,ii 



27Ti 

1 



l ~ J {^pip^iW-UW) + ^pTriW' 1 5W) + iM^TriW- 1 SW)) 



2ni 

In other words, C — C is the coboundary of the 1-cochain 



(db / M <•> Tr(I-F _1 W), £ T I(W - «r>) . (4.22) 
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Thus C and C are cohomologous. 

In summary, our input data consisted of points W a <E T a , defined up to homotopy, with 
the property that if U a n Up ^ then there is a path in X a p from W a \ u nU to Wp\ v nU . 



From this we obtained a Deligne cohomology class on B of degree 2 [10, Chapter 1.5]. From 
1.91), its "curvature" is the 2- form 



y A (R TZ /2m) A ch (F v /2ni) J G tt 2 (B) 



(4.23) 



In view of the isomorphism between the 2-dimensional Deligne cohomology of B and the 

Theorem 2.2.12], we also 



10 



isomorphism classes of line bundles with connection on B 
obtain a line bundle with connection on B which is, of course, the determinant line bundle. 
To see this explicitly, let us first note that e-' I ' 1 ! CTa/3 Tr ^ w sw ^ e U(l) depends only on W a 
and Wp, and not on a a p. To evaluate it, formally 



/ a* a pTz{W- x 5W) = [ a* af} 5lndet(W) = [ d^lndet(W) 

J [0,1] J [0,1] J [0,1] 

= lndet(W^) - \ndet(W a ) = lndet(W < ; 1 Wp). 
These equations make sense modulo 27rzZ, to give 



(4.24) 



(4.25) 



Consider the imaginary-valued 1-form A a = —2ni Ofj + CS^j on U a . Equations (4.21) 

and ( |4.25| ) show that the forms {A a } aeI fit together to give a connection on the line bundle 
whose transition functions are <p a p = det(W~ 1 Wp). This is the same as the determinant line 
bundle g, Chapter 9.7], which in our case is equal to A max (Ker(£)) + )- 1 ® A max (Ker{D)_). 
The connection that we have defined on the determinant line bundle is the same as that 
defined in j|, Chapter 9.7]. Its curvature is given by ( |4.23| ). Of course the determinant line 
bundle can be defined without the assumption that Kei(D) is a vector bundle on B, or our 
other assumptions. 



4.1.2. H 4 . The 3-form component of CS is 



CS (3) 



1 



(2vrz) 



Tr ((V + - W- 1 V- W) A (F + + W- 1 F~ W 



(4.26) 



Tr (W- 1 5W A (F + + W- 1 F~ W - (V+ - W' 1 V" W) 2 )) 

- ~ Tr (W" 1 5W A W~ l 5W A (V + - W^ 1 V" W)) 
+ ^Tr (W- l 5Wf 



(4.27) 



0. 
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Then (|4.11|) becomes 

dTi ^(V + - W- X V~W) A (f + + W' X F~W - ^(V + - W^V-W) 2 ^ = 
Ti(F + ) 2 - Tr (F~) 2 , 

- irfTr (W' 1 SWA(F + + W~ X F~W - (V + - W' 1 V" W) 2 )) + 
i^Tr ^(V + - W _1 V _ W) A (f + + W -1 F~ W - i(V + - W^" 1 V" W) 2 ^ 

- -dTr {W" 1 5W A W~ X SW A (V+ - W- X V~W)) 

- i^Tr (W^cWA^ + W~ X F~W - (V + - W -1 V~ W) 2 )) = 0, 

^rfTr (W- 1 5Wf - ^5Tr <W A W" 1 <W A (V+ - W^V'W)) = 0, 

6 2 

5Ti(W- 1 5W) 3 = 0. 

Given {£7 a } ae / we suppose that there exist 

1. Maps a a : D° -> J Q , 

2. Maps cr aj a : — >■ X Q/ 3 such that 

^ = - ^4 ancv (4-28) 

3. Maps cr a( g 7 : .D 2 — > X a/37 such that 

da a ^ = cr^\ UanUfjnUi - a arr\ UanUpnUy + a ^\u a nu f3 nu J (4.29) 

and 

4. Maps a a /3 y s '■ F> 3 — > X a ^ such that 

da aPl5 =(T ^s\ UanUpnUl nu s ~ ^^Uanupnu^nus + ( 4 ' 3 °) 



The right-hand-side of Q4.29|) , for example, means a concatenation a a /3 U og 7 U a 7Q . ^4 
priori this is a continuous map from S 1 to X a/ g, but after an appropriate reparametrization 
we may assume that it is smooth. Equation ( 4.29 ) means that a a p U U a ia extends to 
a map from D 2 to T a p. Again we may assume first that it extends continuously and then 
obtain a smooth extension. (We could also work with piecewise smooth maps.) 

If U a n Up n U 7 n U s n U e ^ 0, define fi a ^ Se : S 3 -> J a/375e by 

VaP-yfc = a fr Se \u a nu fi r\Uyr\U s nu e ~ °' a ~' Se \u a nu l3 nu~ / nUsnu <! + tTa P Se \u a r\U l3 r\U~ / nu s nu e ~ ^ 

a a/3-ye\ UanUi3nU ^ nUsnUe + a aPjs\ UanUpnU ^ nUgnUe - 
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Put 

G a =rf 3) + CS®, (4.32) 
G ^ = I T^U f <p Tr {W- 1 SW A (F + + W" 1 F-W - (V+ - W~ l V~ W) 2 )) , 

Z {ZTTtj J D i 

= l To~~ T \2 f <M Tr ( W ~ l SW A W ~ X m A ( V+ - W ~ l V ~ W )) > 

Z {ZTTtj J D 2 

G aPl s = - \ J <r* aPlS Tr (W- 1 5W A W- 1 5W A W' 1 SW) , 

G aM5e = -\ J ^ Tr (W- 1 6W A W" 1 SW A W" 1 <W) . 

Then G a g ft 3 (£/ a ), G Q/3 g ft 2 (t/ Q n f^), G a/37 g ^(t^nc^nt^) and G a/37(5 g n°(f/ a n^n 

Z7 7 n Us). Also, G af 3-ys t is an integer- valued continuous function on U a n Up n Cl Us C\ U e . 
The meaning of G a p, for example, is 









(4.33) 




- W(t) - 


(V + - W{t) 


- X V- ^(t)) 2 )) . 


From (4.27), 








dG af3 =Gp\ UanUf) - G a \ UanUf3 , 






(4.34) 


dG a p 7 =Gpy\ UanUpnu ^ - G aj \ VanU ^ nU ^ + G a p 








dG a f3.y6 = GpyS\ UixnUpnUiynUs - G a rys\ UanU ^ nU ^ nUs 


+ G a f3s\ 




1 

^"^Tli/ant^n^nE/j' 


Also, 









Ga ^ e \u a riu riU^u 5 riU e + ^^l^nc/^nc^n^nc/e - (4.35) 

Thus 

C (G a , G a p, G a p.y, G a prys, G a p^se ) ( 4 -36) 
is a 4-cocycle for the Cech-cohomology of the complex of sheaves 

Z — ► Q° — > Q 1 — > Q 2 — > Q 3 (4.37) 

on B. 

Now suppose that [a' a , a' a p, (r' a p 7 , &' a p 7 s) * s another choice of maps. Let C be the ensu- 
ing cocycle as in ( [4.36| ). We assume that there is a smooth 1-parameter family of maps 
{cr Q (t),cr Q/ g(t),(J Q/37 (t)} 4e [o,i] so that for each t G [0, 1], (cr a (t),a a p(t),a a p 7 (t)) satisfies Q4.28|) 
and dOq ), 

((T a (0),a a p(0),a a p y (0)) = (a a ,a a p,a a p^) (4.38) 

and 

(<r a (l),cr a p(l),cr a ^(l)) = {v' a ,cr' a p,cr' a pj ■ (4.39) 
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We do not assume that the homotopies from a a ^ to a' a/3l extend to a homotopy from 

Define E a : [0, 1] x D° — > l a by S a (i, x) = (cr Q (£))(x), and similarly for S a/ g : [OjljxZ) 1 — > 
1 a p and S a/ g 7 : [0,l]xZ) — >Z a/ g 7 . Put = — £/3 7< 5 + S a7 a — Sq,^ + S Qj a 7 + <7^g 7<5 — Ua^s, 

a map from S* 3 to T a ^. 

Put 

# Q = - /" £* Tr (W- 1 <W A (F+ + W" 1 F~ W — (V + - W^V W) 2 )) 

2 (27a) 2 y [0) i ]xD o 

H *P = I T^W f S «/3 Tr (W 1 5W A W- 1 5W A (V + - W' 1 V } ) , 

# Q /3 7(5 = - g *^ Tr (W 1 <W A W- 1 6W A W" 1 <W) . 

Then H a G fi 2 (t/ a ), H af3 G ^(l^nl^), F a/ 3 7 G Q°(U a nUpfMI 1 ), H a ^ s is an integer-valued 
continuous function on and 

G' a — G a = dH a} (4.40) 
G'a/3 ~~ Gct/3 = dH a/ 3 + Hp — H a , 

G'a/3-y ~ Get/fry = dHap^ + Hp 1 — H ay + H a p, 
G'ap-ySe ~ G a p 7 S e = Hp 1 Se ~ H al Se + HafiSe — H a p lt + H^S- 

In other words, C — C is the coboundary of the 3-cochain 

(H a , H a/3 , H al37 , H a p l5 ) ■ (4-41) 

In summary, our input data consisted of the maps (cr a , a a/ 3, cr Q /3 7 ) satisfying ( |4.28| ) and 
( |4. 29| ) , defined up to homotopy, with the property that if U a fl Up fl U 1 H Us ^ then the 
map from S 2 to l a(3jS , given by ^s\ UanU0nU ^ nUs ~ ^s\ Ua nu,nu,nu s + <7*0s\ UanU0nUjnUs ~ 
< J a/3-y\ u nU nU nUg , extends to a map from D 3 to X a/ 3 7 «5. From this we obtained a Deligne 

cohomology class on B of degree 4 |L0], Chapter 1.5]. From ( |4.9| ), its "curvature" is the 
4-form 

(^J A(R TZ /2m) A ch (F v /2m)^j G fi 4 (5). (4.42) 

4.1.3. H 2fc . Let us write the degree-(2£; - 1) component CS 2 ^ 1 of CS as CS 2 ^ 1 = 
E?=o lcS '' 2fe ^ _1 > Wlth CS'' 2 ^- 1 G § n 2k - l -\B). Given {U a } aeI , we suppose that 

for < / < 2k — 1 there exist maps (T ao ... ai '■ D l — > T ao ai such that 

i 

da ao ... ai = ^(-l) m a Q0 ...s^... Qr (4.43) 



m=0 
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If U ao n . . . H U a2k ^ 0, define li ao ...a 2k ■ S 2 ^ 1 -> I Q0 ... a2k by 

2fc 



Va ...a 2k ( 1) Va ...a m ...a 2k \ Ucton __ nUa2h - (4.44) 



m=0 



Again, we assume that the map fi ao ...a 2k has been parametrized so as to be smooth. Put 
G ao = rf 2k ~^ + CS°'f - 1 . For 1 < I < 2k - 1, put 



GW-a* = / < ... ai CS l > 2k - l -\ (4.45) 



and put 



D 



G ao ... a2k = / /C..* 2 * OS 2 *" 1 - , ( 4 - 46 ) 



Then G Qo ... Q( G Q 2fe -'- 1 ([/ Q!o Pi ... Pi f/ Q J. 

Lemma 1. G ao ___ a2h is an integer-valued continous function on U ao P . . . P U a2k . 
Proof. From (4.10) and (4.12), 

CS 2 *- 1 ' = (a^lfc-l)! ^^" 1 ^) 2 *" 1 [^{l-tf-'dt (4.47) 
(2ni) k (2k-l)\ V ; 

Thus 

G -~ = S^i I.- Tr iw ' 1 sw)2k ~ l ' (4 - 48) 

From p, p. 237], this is integer- valued. For this to be true, it is important that we are 
integrating over S' 2fe_1 and not over an arbitrary (2k — l)-dimensional manifold. □ 

We have 

/ r \ (2*0 

dG ao = (J A(R TZ /2m) A dx(F v /2m)J G Vt 2k (B) (4.49) 

and for 1 < I < 2k - 1 

dG ao ... ai = (— 1) G Q!0 ...s^... Q , ! l^p^ >n j7 aj - (4.50) 



m=0 



Also, 



2fc 

G ao ...a 2k = ^ (— 1) G , ao--S^-a2fc| C / Qon ... n{ / a2fc - ( 4 -51) 
m=0 

Thus 

^ (^oo' ■ ■ ■ ) Gao...ct 2k ) (4.52) 
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is a 2/c-cocycle for the Cech-cohomology of the complex of sheaves 

Z — ► Q° — > ... — > n 2k ~ l (4.53) 

on B. 

Now suppose that (cr' aQ , . . . , o~' ao a2k _ i J is another choice of maps. Let C be the ensuing 
cocycle as in (|4.52|) . We assume that for < / < 2k — 2 there is a smooth 1-parameter 
family of maps {<r ao ai (t)}te[oi] so that for each t G [0,1], (a aQ (t),... ,a ao ai (t)) satisfies 

(El), 

= ^ao...a, (4-54) 

and 

We do not assume that the homotopies from cr ao __ a2k _ 2 to <j' ao ...a 2k -2 ex t en d to a homotopy 
from a ao ... a2k ^ to ^...c^. 

Proposition 9. Under these assumptions, C and C are cohomologous. 

Proof. For < / < 2k - 2, define £„ ... Qi : [0,1] x D l -> T Q0 ... a; by £ Q0 ... a( (t, a;) = 

(<W..a,(*))0*0- Put 

2fc-l 

^ao...o:2fc-i = ^ao-a^k-i _ °"a!o...aafc_i — ^ao-3^-"2fc-i > (4.56) 

m=0 

a map from S" 2 ^ 1 to T ao _ a2kl . 
For < I < 2k - 2, put 

#a ... Q! = / S; o ... Q; QS l+1 > 2k - 1 - 2 . (4.57) 



'[OjlJxC' 

Then F ao ... Qj e fi 2fc -^ 2 (£/" Qo D . . . n £/«,). Put 



^oo..^-i = / *.o...a 2 ,- 1 OS 2 *" 1 ' . (4-58) 

Then iif Q , ... af2)5 _ 1 is an integer-valued continuous function on Z ao ... a2fc _ 1 . Furthermore, for 
< I < 2k - 2, 

^ao— _ ^ao.-.a; ~~ dH aQ a[ + ^ ^ ( — 1) -ffa ...S^...a i , (4.59) 

m=0 

2fc-l 

^«o---"2fc-i ~~ ^ao— «2fc-i = ^ao— a 2 fc-l ^ ] ( — -Q Ha ... o^...a 2 fc-i (4.60) 

m=0 

and 

2fc 

^«o---"2fc _ Goto... a.2k ~ } j ( — -0 ^oo...3^...ajn- (4.61) 

m=0 

In other words, C — C is the coboundary of the (2/c — l)-cochain 

(H ao , . . . , i?c« ...Q!2fc-i) • (4.62) 
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Thus C and C are cohomologous. □ 



In summary, our input data consisted of the maps (<J ao , . . . , cr ao ,,, a2k _ 2 ) satisfying ( |4.43| ) 



defined up to homotopy, with the property that if U ao Pi ... Pi U a2k _ x 7^ then the map from 
5 2fe - 2 to J ao ... a2fc _ 1 ,givenby^ fe J 1 (-l) m a Q0 ... s ^... a2fc _ 1 | , extends to a map from 

D 2k ~ l to Iaa...aik-x- F rom this we obtained a Deligne cohomology class on B of degree 2k 
]TH| , Chapter 1.5]. From ( [4.9[ ), its "curvature" is the 2/c-form 



/ p \ (2A) 

fy 1(^/2^) A ch(F y /2«)J Gfi 2fc (fi). (4.63) 

4.1.4. Topological interpretation. Let us note that we can always add a trivial vector bundle 
BxC N , with a trivial connection, to both Ker(D) + and Ker(Z})_ and carry out the preceding 
constructions for this stabilized vector bundle. Thus it is only the stabilized class of Kei(D) 
that matters. 

Recall that the nerve M of a covering {U a } a ^i is a certain simplicial complex which has 
one fc-simplex for each nonempty intersection U ao P . . . P U ak . Let A/"^ denote the fc-skeleton 
of TV. 

Consider the space X obtained by gluing together {(U ao P . . . P U ai ) x A'}^ using the 
embeddings (U ao n . . . D U ai ) x d m A l -> (U ao n . . . fl U am n . . . (1 U ai ) x A'. There is a 
continuous map p : X — > A/" which contracts each C/ ao fl . . . fl to a point. We now assume 
that {U a } a( zj is a good covering, meaning that each U ao fl . . . fl U ai is contractible. Then 
each preimage of p is contractible and in our case it follows that p is a homotopy equivalence 
0- 

There is an obvious Z 2 -graded vector bundle V on X whose restriction to (U ao fl . . . fl 
U ai ) x A' pulls back from Ker(D)L . Suppose that we have the maps {c ao ,„ a , }f=n l 

' U OtQ< b..l \U OL^ " 

of the previous subsubsection. Then these isometries show that V is trivial as a Z 2 -graded 
vector bundle on p _1 (AA 2A;-1 )), i.e. that there is an isomorphism there from V + to VL.. 

Recall that there is a filtration K*(X) = K*(X) D K*(X) D . . . of K-theory, where K*(X) 
consists of the elements x of K*(X) with the property that for any finite simplicial complex 
Y of dimension less than % and any continuous map / : Y — > X, f*x = jl], Section 2]. 
By definition, the filtration is homotopy-invariant. It gives rise to the Atiyah-Hirzebruch 
spectral sequence to compute K*(X), with i? 2 -term E^ q = H P (X; K 9 (pt.)) and -Eoo-term 
EM = Kf*(X)/K^(X). 

Using the homotopy equivalence given by p from X to the simplicial complex A/", we see 
that the K-theory class of the Z 2 -graded vector bundle V on X lies in K^X). Equivalently, 
the K-theory class of the Z 2 -graded vector bundle Ker(D) on B lies in ¥^ k (B) 

Conversely, suppose that the K-theory class of the Z 2 -graded vector bundle Ker(D) on B 
lies in ¥^ k [B). Then V has its K-theory class in K^X). This means that V\ p _ 1 ^ (2k _ 1) ^ van- 
ishes in K° (p" 1 (AA 2 ^ 1 )) ) . After possibly stabilizing by trivial bundles, so that V. 
is isomorphic to V-\ p _ 1 (^- i2k _ 1) y we obtain the existence of the maps {crQ, ... Qi } 2 ^Q 1 of the pre- 
vious subsection. 

As a further point, if rk(Ker(D) + ) ^ rk(Ker(D)_) originally then after adding trivial 
vector bundles, we may assume that rk(Ker(D) + ) = rk(Ker(£))_). Thus it is enough to 



p -i^(2fc-l)j 
4- T/ I 

l(A/"(2k-l)^ 

i2fe-l 
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only consider the image of the K-theory class of Ker(D) in the reduced K-theory group 

kV). 

The Deligne cohomology class depends, a priori, on the choice of {o' ao ...a l }'i=o 2 ■ We now 
examine how many such choices there are. We implicitly stabilize the vector bundle V. Let 
BU(p — 1) denote the (p — 2)-connected space which appears in the Whitehead tower of 
Z x BU. Then [A/ - , BXJ(p — 1)], the set of homotopy classes of continuous maps from M to 
BU(p— 1), is isomorphic to the homotopy classes of vector bundles which are trivial on A/"^ -2 ** 
and which are trivialized on AA P ~ 3 ) . Suppose that we have such a map : Af — > BXJ(p — 1). 
The obstruction to lifting 0, with respect to the map BU(p) — > BXJ(p — 1), to a map 
: Af — > BU(p) corresponds to the obstruction to trivializing the vector bundle over 
That is KJAf) is the same as the elements of [Af, BU] which lift to [Af, BU(p)]. The number 
of such liftings corresponds to the number of trivializations of the vector bundle on J\f(P~ 2 \ 
Let fF p denote the homotopy fiber of the map BU(p) — > BU(p— 1) . As BU(p) — > BU(p— 1) is a 
principal fibration, the number of liftings to [Af, BU(p)] of a liftable element of [Af, BU(p— 1)] 
is given by 

[Af, T p \ = [Ar,K(7r p _ 1 (BU),j9-2)] = W~\B; tt^BU)). (4.64) 

Proceeding inductively over the skeleta, we see that the set of possible degree-2/c Deligne 
cohomology classes that we can construct is acted upon transitively by @f? = \ H 2fe_1 ~ 2j '{B; Z). 
Thus under the assumption that Ker(D) is a vector bundle on B whose reduced K-theory 

class lies in K 2k (B), we obtain a set of Deligne cohomology classes of degree 2k. 

If B happens to be (2k — 2)-connected then there is a unique lifting of an element of 
[B, BU] to [B, BU(2fc)], so there is no obstruction to the existence of the Deligne cohomology 
class and we obtain a single such class. 



4.2. The general case. We no longer assume that Ker(D) forms a vector bundle on B. 
We will essentially reduce to the case of vector bundle kernel by means of the method of 
0, Section 5]. 

From a general result in index theory, there are smooth finite-dimensional subbundles 
K± of (7r*E)± and complementary subbundles G± such that D is diagonal with respect 
to the decomposition ( y ii 3f E)± = G± © K± and writing D = Dq + Dk, in addition 
(D G )± ■ C°°{B;G±) -> C°°(B;G T ) is fiberwise L 2 -invertible g^]. Give K± a Hermitian 



metric h K± and compatible connection V * . Let F K± denote the curvature of . 
Put 

H± = (tt*£) ± © K T = G± © K± © K T , (4.65) 

where the factor has the metric h Kzf and connection V^ T . Let <fi : [0, oo) — > [0, 1] be a 
smooth bump function such that there exist S, A > satisfying 

<t>{t) = { l iH>A _ (4-66) 



HIGHER-DEGREE ANALOGS OF THE DETERMINANT LINE BUNDLE 27 
For s G M, define R+(s) : C°°(B; H+) -> C°°(B; HJ) by 

/o \ 

i2+(s) = a<f>{s) (4.67) 
\0 a0(s) / 

and let R-{s) be its adjoint. Define a family A s of superconnections on if by 

As = (A s © V*) + sR(s). (4.68) 

If s G (0, 5) then A s = A s © V^, while if s > A then the component of A s of degree zero, 
with respect to B, which maps C°°(B; H + ) to C°°(B; H_) is s times 

(4.69) 

If a is sufficiently large, which we will assume, then the operator in (|4.69|) is L 2 -invertible. 
Define rj and rj as in (|4.3|) and ( |4.5|) , using A s instead of A s ] the idea of this sort of 




s-dependent definition of A s is taken from [21]. Then using the formula 



one finds 

drj 



[ A (R TZ /2m) A ch (F v /2m) - ch (F K /2m) . (4.71) 
Jz 



Now suppose that the image of Ind(D) under the map K°(_B) — > K (B) lies in K 2k (B). Af- 
ter possibly adding trivial bundles to K, we can perform the constructions of Subsubsection 
4.1.3| , replacing Ker(D)± by K±. For example, 

G ao = rj 2 "- 1 + CS°f-\ (4.72) 

where rj is defined using A and CS°' 2fe_1 is defined using K± and V K± . In this way, we 
obtain an explicit Deligne cocycle on B of degree 2k. 

Theorem 2. The Deligne cohomology class is independent of the choices of K , h K , V K , a 
and (p. Its curvature is the 2k-form 

/ p \ (2fc) 

(j A(R TZ /2m) A ch(F v /2m)J G Q 2k (B). (4.73) 

Proof. Suppose first that we fix K, h K and V K . Let {a(e)} ee [ 0j i] and {0(e)} ee [o,i] be smooth 
1-parameter families. 

From the Z2-graded analog of (3.22), as the small-s behavior of A s is independent of e, it 
follows that -£ is exact. Thus rf(l) — rf(0) = dS for some S G Vt even (B). Then the difference 
of the Deligne cocycles defined using (a(l) and 0(1)) vs. (a(0) and 0(0)) is the coboundary 
of the cochain (S^ 2k ~ 2S) \ , 0, . . . ,0). As any two choices of a and can be joined by such 

paths, it follows that the Deligne cohomology class is independent of the choices of a and 
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Now suppose that we have smooth 1-parameter families {/i K (e)} eg [o,i] and {V isr (e)} ee [o i i]. 
From the Z^-graded analog of (3.22), on B we have 

= — Tr s e - FK /*A (mod lm(d)). (4.74) 

de 2ni \ de J 

On the other hand, on I x B, 

^-i Tr «(^ F * /2 ") <™ dI ^ + "»- <« 5 > 

It follows that on X x £?, 

(-p-i) + CS 2fc-i) (1) _ ^2fc-i) + CS 2*-i) (o) = (5 + d)5 (4.76) 

for some S G fi ei,en (J x £). Then with respect to the cocycle C of (|3|), C(l) - C(0) is 
the coboundary of the cochain 

* c0,2fc-2 / * cl,2fc-3 / ^* c2/s-2,0 n I 

D° JD 1 JD 2fe " 2 / (4.77) 

Finally, suppose that K' is another choice of K. As both [K + — KJ\ and [K' + — K'_] 
represent Ind(D) in K°(B), there are vector bundles L and V such that there are topological 
isomorphisms 

t + : K + @ L —> K' + © V, (4.78) 
£_ : K- @ L —> K'_ © L'. 

Choose Hermitian metrics h L and h L ' , and compatible connections V L and V L '. Put i^-t = 
K± © L and K± = K' ± © L'. Now rf is unchanged if we define it in the obvious way on 

H ± = G± © K± © (4.79) 

instead of H±. Similarly, rf, the eta-form corresponding to K', can be computed on 

H'± = G± © K' ± © (4.80) 

The isomorphism t induces an isomorphism t : H± — > ii^. Hence we can also consider 
rf to be computed on H± using the pullback superconnection t*A'. Now let us compare 
t*A! to ^4. The differences in the components of degree zero and two, with respect to B, 
are finite-rank and, as in the preceding arguments, the ensuing Deligne cohomology class is 
unchanged. Hence we may assume that t*A! and A have the same components of degree zero 
and two. The difference in the degree-one components comes from the difference between 
t*'V K ' and V^. We can apply the preceding argument concerning the independence with 
respect to the choice of connection, to conclude that the Deligne cocycle computed with K 
is cohomologous to that computed with K' . 



The curvature statement follows from (|4.71| ). □ 



Finally, suppose that dim(Z) is odd. Consider the fiber bundle (S 1 x S 1 x M) — > (S 1 x B). 
Give the fiber circle a length of 1. As in |7], Pf. of Theorem 2.10] there is a canonical 
family D of Dirac-type operators on the new fiber bundle, whose index can be trivialized 
on {1} x B C S 1 x B. Suppose that Ind(D) lies in K\ k _ x (B). Then the image of Ind(D) 
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under the map K°(S' 1 x B) — > K (S 1 x B) lies in K 2A ,(S' 1 x B), and so we can construct 
the corresponding Deligne cohomology classes on S 1 x B of degree 2k. Integrating over the 
circle in Deligne cohomology ]1(], Section 6.5], we obtain Deligne cohomology classes on B of 
degree 2 k — 1. The set of Deligne cohomology classes so obtained is acted upon transitively 
by ®Y =1 H 2 *- 1-3 ^ 1 xB,{l}xB;Z) = ©^ H (2fe_1 ^ 1-2;? (S; Z). 
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